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Abstract. We describe the complete interpolating sequences for the Paley- Wiener 
spaces (1 < p < oo) in terms of Muckenhoupt's (Ap) condition. For p = 2, this 
description coincides with those given by Pavlov (1979), Nikol'skii (1980), and Minkin 
(1992) of the unconditional bases of complex exponentials in L-^(— 7r,7r). While the 
techniques of these authors are linked to the Hilbert space geometry of L^, our 
method of proof is based on turning the problem into one about boundedness of the 
Hilbert transform in certain weighted LP spaces of functions and sequences. 



1. Introduction 

In this paper we study interpolation in the Paley- Wiener spaces (1 < p < oo), 
which consist of all entire functions of exponential type tt whose restrictions to the 
real line are in L^. The Paley- Wiener spaces are Banach spaces when endowed 
with the natural LP(M)-norms. We want to describe those sequences A = {Afc}, 
Afc^^fc-l-ZTyA;, in the complex plane C for which the interpolation problem 

/(Afc) = ak (1) 
has a unique solution f E for every sequence {ak} satisfying 

5^|afcre-P-l^'=l(l-M77fc|)<cx). (2) 



Such sequences A are termed complete interpolating sequences for L^. A classical 
example of a complete interpolating sequence for (1 < p < oo) is the sequence 
of integers Z. 

In the case p = 2 this problem is equivalent to that of describing all unconditional 
bases in L^(— 7r,7r) of the form {exp(zAfct)}. We refer to [3] for an account of this 
problem, including a detailed survey of its history. The unconditional basis problem 
was solved by Pavlov [8] under the additional restriction sup|53Afc| < oo and by 
Nikol'skii [7], assuming only inf 53Afc > — oo. Finally, Minkin [6] solved the problem 
without any a priori assumption on A. 
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The methods of [3,6,7,8] are of a geometric nature and make crucial use of the 
Hilbert space structure of L^. In this paper, we shall give a simpler proof, which 
works equally well for all p, 1 < p < oo. Incidentally, our method of proof shows 
that for p = oo or < p < 1 there are no complete interpolating sequences. (See 
also [1], which "explains" this curious phenomenon.) The core of our approach is a 
careful study of properties of the Hilbert transform in weighted spaces of functions 
and its discrete version in weighted spaces of sequences. More precisely, we turn 
our problem into one about boundedness of the discrete Hilbert transform in a 
weighted space, defined on a subsequence of A located in a horisontal strip, where 
the weight is expressed in terms of certain infinite products involving all the points 
of A. 

As an application of our main theorem, we prove a counterpart of the well-known 
Kadets 1/4 theorem. 

2. Preliminary observations and statement of the main result 

Suppose that A is a complete interpolating sequence for L^. Then / G implies 
that e-xp{i7rz)f{z) belongs to the Hardy space of C+ := {z E C : Qz > a} for 
each a e M. It follows that the sequence A fl C^^ is iy^-interpolating in C+ (see 
[4], Chapter 9). Similarly, AflC" is i/^-interpolating in the half-plane C~ := {z G 
C; '^z < a}. So the sequences A fl C+ and A n C~ satisfy the Carleson condition in 
the corresponding half- planes, i.e.. 



sup TT — -^j — Afc ^ Q g TT 

Xj-Xk-i2a ' 



\j — Afc 



Xj — Xk — i2a 



>0. (3) 



We note that, by standard manipulations (which we omit) with the Carleson con- 
dition, this is equivalent to the following condition: 



In particular, for some £ > 0, the disks 

K{Xk) := {z:\z- Xk\ < 10£(1 + \r]k\)} 

are pairwise disjoint. (We fix this value of e until the end of the paper.) Moreover, 
the measure 

Vk>0 

{Sx is the unit point measure at A) is a Carleson measure, i.e., 

\frdfi+<c\\frH^ 

c+ 

for each function / in the Hardy space iy*(C+), s > 1. Similarly, A generates a 
Carleson measure in the lower half-plane as well as in each of the half-planes C^. 
If A is a complete interpolating sequence for L^, then 

ii/iil.(m) ^ ^ + \vk\?j , fell. (5) 



Indeed, since A is interpolating for L^, the operator 



r:/^{/(Afe)e--l'"=l(l + |r7fe|)i/P} 

is bounded from onto P. By the uniqueness of the solution of the interpolation 
problem, we have kerT = {0}, and it suffices to apply the Banach theorem on 
inverse operators. 

Given x e M, r > 0, let Q{x, r) be the square with center at x, side length 
2r, and sides parallel to the coordinate axes. We say that a sequence A C C is 
relatively dense if there exists ro > such that A n Q{x,ro) ^ for each x e R. If 
A is a complete interpolating sequence for L^, (5) forces A to be relatively dense: 
if this is not the case and there exist sequences {xj} C M and Vj oo such that 
Q{xj,rj) n A = 0, then, setting 



Z Xj 



we get 

J2\MXkWe-P'^^^''\il + \Vk\) ^ 0, j^oo, 

k 

while 1 1 1 1 LP is independent of j. 

Suppose that A is a complete interpolating sequence for L^. Take r > tq, where 
ro is as above, define 

=g(4rj,r), jGZ, 

and pick a sequence F = {7^} C A such that 7j G Qj. Let S = {o'j} be another 
sequence with \ jj — aj \ — s. Suppose w = {wj} is a positive weight sequence. As- 
sociate with it the weighted space consisting of all sequences a = {a^} satisfying 



Ml 



p := ^ \ak\^Wk < 00. 



We are interested in the boundedness of the discrete Hilbert operator 7ir,E defined 
by the relation 



^r,E : a = {a^} ^ {(Hr.sa)^}; (Hr,sa)j ^J2:r ^, ■ 

k ~ 

on The following definitions are needed. We say that w satisfies the discrete 
{Ap) condition if 



sup ( - ^ 



fc+n ' ' 




Wj\\—7W- I < 00. 



This condition is analogous to the classical continuous (^p) condition for a positive 
weight v{x) > 0, a; e M: 

%v.v\i^^^vd^[^^^v-^l^'P-^^d^ l<oo, (6) 



where / ranges over all intervals in M (see [2]). Recall that the latter condition is 
necessary and sufficient for boundedness of the classical Hilbert operator 

n:f^{nfm = - [ p^dT 

ITT J t — T 

on the weighted space of functions (M; v) consisting of all functions / satisfying 

UKp--- J \f{t)\Mt)dt <oc. 
We shall need the following lemma. 

Lemma 1. // 7ir,E is bounded from 1^, to l^, then w satisfies the discrete (Ap) 
condition. 

Proof. We adopt the proof for the continuous case (see [2].) Let k and n be given. 
For convenience, put /i = {k + 1, k + 2, k + n}, I2 — {/c + 2n + l, /c + 2n + 2, k + 
3n}. Suppose that a positive sequence a is supported on /i. Then, for j ^ I2, we 
have 

I \ J ii\ I 
where C is independent of k and n. Putting = 1, we get thus 

j€i2 leh 

and by symmetry 

jeh leh 

here and in what follows the sign x means that the ratio of the two sides lies 
between two positive constants. Now we put ai = and get by (7) 

p 



E". (^E<) ^cE 

j€l2 I \ leli / m€li 



1+ap 



Finally, we put a = — ^rj invoke (8), and the lemma is proved. □ 

The converse of Lemma 1 is also true, but we will not need that fact. Note also 
that the boundedness of the operator ?Yr,E is independent of the choice of sequence 
E, provided the condition I'jj — (Tj\ = e holds. 

Let A be a complete interpolating sequence for L^. If the function /q G solves 
the interpolation problem fo{Xk) — 5o,a;, /c € Z, then /o(/x) 7^ for /x G C \ A, since 
otherwise the function (z — Xo){z — iJ,)~^fo{z) belongs to and vanishes on A. 
Since /o G L^, /o belongs to the Cartwright class C (see [5], Lecture 15) and, in 
particular, the limit 

S{z) =lim n (1-f) (9) 

\Xk\<R 

exists and defines the generating function of the sequence A. Besides, the solution 
fk G LP of the interpolation problem fk{Xn) — ^k,n has the form 

We may now formulate our main theorem. 



Theorem 1. A = {Xk}, where Xk = Ck + ^Vk} is a complete interpolating sequence 
for L'P if and only if the following three conditions hold. 

(i) The sequences AflC"'" and AflC" satisfy the Carleson condition in C""" and 
C~ respectively, i.e. (3) holds with a = 0, and also inf/j^j \Xk — Xj \ > 0. 

(ii) The limit S {z) in (9) exists and represents an entire function of exponential 
type TT. 

(iii) There exists a relatively dense subsequence F = {7^} C A such that the 
sequence {|'S"(7j)|^} satisfies the discrete (Ap) condition. 

Defining F{x) = |/S'(a;)|/dist(a;, A), we may replace statement (iii) by the following. ■ 

(iii') FP satisfies the (continuous) (Ap) condition. 

Note that that condition (i) is equivalent to the statement that, for each a e M, 
the sequences A n satisfy the Carleson condition (3) . Another, more compact 
way of expressing (i), is given by (4). 

3. Proof of Theorem 1: Necessity 

We have already proved the necessity of (i) and (ii), and also the existence of a 
relatively dense sequence F = {7^} C A. We prove now that (iii) is necessary as 
well. Let e be as above. Then, for every j, we can find a point cr-,- with \aj — 7j | = s 
and 

\S{a,)\^e\S'i^,)\. 
This follows from the fact that S{z){z — ^ ior \z — < s, hence 

min |5(^)(^-7,-)-'l<l^'(7,)l< max \S{z){z - ^,)-'\. 
Set S = {o-j}. The Plancherel-Polya inequality (see [5], Lecture 20) yields 

Ei/(^i)i"^^ii/iiL- /ei^^ (11) 



Now let a = {aj} be a finite sequence. By (10), the unique solution of the interpo- 
lation problem /(7j) = a^, /(A/.) = 0, ^ F has the form 



A ) Z^s'{a,){z-^,y 



By (5) and (11), we have 



p 



Now, by our particular choice of the sequence E, we obtain (iii) by observing that 
Lemma 1 applies with wj — \S'{jj)\^. 

To prove that (iii) implies (iii'), we need the following lemma. 
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Lemma 2. Suppose x & M. and 3?7j < x < ^^j^i. Then there exists an a = 
a{x) e [0, 1] such that 

\S'{^j)nS'h,+i)\'-'^ X \S{x)\/dist{x,A), 

uniformly with respect to x eM.. 

In fact, assuming this lemma to hold, we see that (9) with v = follows from 
(iii) and the inequality ^t + s, t, s > 0, cu e [0, 1]. 

Proof of Lemma 2. We assume that x e [3?7j, 3f?7j+i] and, for simplicity, x ^ A. 
Set A{x) = {A G A : |A — x| < 30r}. (Here r is the number used for constructing 
r.) For a e [0, 1] we have 



\s'hjr\s'hj+i)\ 

|S'(a;)|dist(a;,A)-i 



1-a 



7,- nAfe€A(a;)\{7,} xi) 


a 


7,+i nAfe€A(a;)\{7,+i} Afe ) 




1-a 




nAeA(x) (l~f) 





x< n 

AeA\A(x) 



\lj-^k\ 


17,+1 




l-a 




\x-Xk 





dist(a;. A) 



■■Ui{x)xU2{x). 



A simple estimation shows that Ili{x) x 1 uniformly with respect to ck e [0, 1] so 
we need only estimate 112 (x). 
Let us put 

^j = x- Xj + iyj, 7j+i = X + Xj+i + iyj+i. 

The values xj and Xj^i depend upon x and also satisfy the inequalities < 
Xj, Xj+i < 8r. We may then write 



n 

Afc0A(a;) 



{{X - Xj - ^kV + iVj - Vkr)"{{x + Xj + i - ^kV + iVj + i - VkY) 

TT / 2xj{x-Ck) + 2y,r]k + 0{l) y 



^ .\ , 2xj+i{x - Cfc) - 2yj+ir]k + 0(1) 



1-a 



Choosing a — a{x) so that axj — (1 — a)xj+i — 0, i.e., a — Xj+i/{xj + Xj+i), we 
find that 



X exp c 



ml 



By Carleson's condition (4), the sum is uniformly bounded, and we are done. □ 
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4. Proof of Theorem 1: Sufficiency 



We will now prove that (i), (ii), (iii') imply that A is a complete interpolating 
sequence. 

To begin with, note that 

and 

JlFi.^n. ^ CO. (13) 

The first relation follows from the fact that f[F{x)]P\T-tf{x)\Pdx < oo for each 
bounded finite function /; it suffices to take / = X[o,i]- To obtain (12), we may 
apply the operator 7^ to a 5-sequence {dn{x)}. 

First, we check that A is a uniqueness set. To this end, we need to estimate 
\S{z)\ from below. 

Lemma 3. Let e be the number from relation (3). Then 

\S{z)\ > C(l - \z\)-^/Pe''\^^\ for dist(^. A) > £(1 + \Qz\). (14) 



Proof of Lemma 3. Put A' = An : \'!^z\ < s} and consider the auxiliary function 

s,{z)^s{z) n V - 

It is plain that 

\Siiz)\-\Siz)l \Qz\>3e, (15) 

and, besides, |5'i(x)|p satisfies the (Ap) condition. Consider the inner-outer factor- 
ization of Si in the upper half-plane, 

Si{z) = e-'''^G{z)Bi{z), Qz>0. (16) 

Here the Blaschke product Bi corresponds to the Carleson sequence (A fl €+) \ A' 
and, in particular, 

\Bi{z)\ > c> for dist(2. A) > e\'=sz\. (17) 

Moreover, G is an outer function and |G(a;)|^ satisfies the (Ap) condition. Therefore, 
\G{x)\-'i is an (Ag) weight (here 1/p+l/q = 1), G{x)-'^{1 + \x\)-'^ e L«(R), and 
thus 

1 1 f 1 dt ^ 

{z + i)G{z) 2TTi] {t + i)G{t) t - z' 

It follows that 

^<C(l + W)V^ (18) 

Combining relations (15)-(18), we obtain (14) for '<sz > 3e. The estimate for 
'^z < —3e is similar, and to fill the gap —3e < '^z < 3e, we may repeat the 
construction, taking another horisontal line instead of R. □ 
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Note that, since |/S'i(a;)|P is an (Ap) weight, we have 



J \Si{x)\Pdx = oo. 
The Phragmen-Lindel5f theorem (see [5] , Lecture 20) yields 

J \Si{x + ia)\^dx = 00, a e M, 

and, by (15), 

J \S{x + i)\Pdx = 00. 
Again applying the Phragmen-Lindelof theorem, we get 

/|SW|^rf. = oo. (19) 

We are now in position to prove the uniqueness. Indeed, if / G and /(A) = 
0, A G A, then (f){z) = f{z)/S{z) is an entire function of exponential type 0, and 
(14) yields that \4>{z) \ is uniformly bounded for z satisfying dist(2;. A) > £(|$J2;| + 1). 
Therefore ^(z) = C, which is incompatible with (19), unless C = 0. 

It remains only to check that we can actually solve the interpolation problem (1) 
for each sequence a = {ak} satisfying (2). It suffices to consider a finite sequence a 
and bound the norm of the solution by a constant times the left-hand side of (2). 
After doing so, we can apply a limit procedure. If a is a finite sequence, then, by 
(12), the unique solution of the interpolation problem (1) has the form 

We split the sum (20) into two parts, corresponding to points lying in U R 
and in C~, respectively. We may estimate the norm of each sum separately, so 
let us assume that all the A^ corresponding to ^ are in C""" U M. Clearly, we 
may estimate the integral along "^{z) = Let us, however, for conventional 
reasons, estimate it along M and assume all the points A^ satisfy rjk > ^. Now let 

Writing S{z) = B{z)e~^'^^G{z), where G is an outer function in C"*", we observe 
that (iii') is equivalent to |G(a;)|^ satisfying the {Ap) condition. We note that we 
have 

\S\\k)\ X |G(Afe)| . 

Thus it is enough to consider the boundedness of 



By duality, 



sup 

\\h\U = l,h€H'i 



flfe^fce '^'"^ [ G{x)h{x) 



X - Xi 



-dx 



< sup 

\\h\\^ = l,h€Hi 



E 



akVke 
G{Xk) 



-HGhiXk) 



< sup iy^l^kfVke 

\\h\\,=i,heHi \ ^ 



i/p 

k 



nGh{Xk 



1/? 



Vk 



Since |G(a;)| ^ satisfies the (Aq) condition, G is an outer function in C^, and 
h e HI, \\h\\g < 1, we have nGh{z)/G{z) e and \\HGh{z) / G{z)\\q < C. Since 
'Ylik Vk^Xk is a Carleson measure, we get the desired conchision. 
The sum corresponding to points in C~ is treated similarly. 



5. A STABILITY RESULT 

We will now show how Theorem 1 can be used to obtain a result similar to 
the Kadets 1/4 theorem. The same technique implies more sophisticated stability 
results similar to the theorems of Avdonin and Katsnelson; for these results we 
refer to [3]. 

For 1 < p < cxo we denote by q the conjugate exponent, 1/p + 1/q — 1, and put 

p' = max(p, q). 



We may now prove: 

Theorem 2. Suppose that Xk = k + S^, k E Z. If \Sk\ < d < l/{2p') for every k, 
then A = {Afc} is a complete interpolating sequence for L^^. If merely \5k\ < l/{2p') 
for every k, then A = {A^} is not necessarily a complete interpolating sequence for 

LI- 

Note that for p = 2 this is precisely the Kadets theorem (see [3]). 

Proof of Theorem 2. We prove first that the inequality |5a;| < l/{2p') is not suffi- 
cient. If 5o = 1 and otherwise Sk — sgn.{k)6, — 1 < 5 < 1, standard estimates of 
infinite products yield 

F{x)^{l + \x\)-''\ 
For 1 < p < 2 we choose 6 = l/(2g). Then 

FPdt(^j^^J^ F-'^dt^ > C(log(l + 

and the (Ap) condition fails. We obtain the same conclusion if |5/c| < l/{2q) and 
5k tends sufficiently fast to sgn(A;)/(2q') as k tends to ±oo. If 2 < p < oo, we put 
S = —l/{2p), and argue similarly. 

With A as above, define X^ = {k + aSk) and Aq, — {Aq,}, where a is a real 
number. Suppose that 5 < 1/2 and \a\S < 1/2, so that the distance between any 
two distinct points of A, and likewise the distance between any two distinct numbers 
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of Aq,, exceeds a certain positive number. Then estimates of infinite products show 
that 

X [F{xT, (21) 

where Fa{x) = |S'Q;(a;)|/dist(x, Aq,) and Sa is the generating function of A^. 

Suppose first that 1 < p < 2. Ifd < l/{2q)^ then satisfies the {A2) condition, 
according to the classical 1/4 theorem. By (21), it means that F'^ satisfies the {A2) 
condition, which implies, by Holder's inequality, that satisfies the (Ap) condition. 

If 2 < p < 00, put a = p/2 and argue similarly. □ 
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